Abstract. Let G be a locally compact Hausdorff group. We study equivariant absolute (neighborhood) extensors (G-AE's and G-ANE's) in the category G-M of all proper G-spaces that are metrizable by a G-invariant metric. We first solve the linearization problem for proper group actions by proving that each X ∈ G-M admits an equivariant embedding in a Banach G-space L such that L\{0} is a proper G-space and L\{0} ∈ G-AE. This implies that in G-M the notions of G-A(N)E and G-A(N)R coincide. Our embedding result is applied to prove that if a G-space X is a G-ANE (resp., a G-AE) such that all the orbits in X are metrizable, then the orbit space X/G is an ANE (resp., an AE if, in addition, G is almost connected). Furthermore, we prove that if X ∈ G-M then for any closed embedding X/G → B in a metrizable space B, there exists a closed G-embedding X → Z (a lifting) in a G-space Z ∈ G-M such that Z/G is a neighborhood of X/G (resp., Z/G = B whenever G is almost connected). If a proper G-space X has metrizable orbits and a metrizable orbit space then it is metrizable (by a G-invariant metric).
1. Introduction. In order to extend the theory of compact transformation groups to locally compact ones, in 1961 R. Palais [42] introduced the fundamental concept of a proper action of an arbitrary locally compact group G on a completely regular Hausdorff space X. Among other important results he established, under the assumption that G is a Lie group, the remarkable fact of existence of a slice at every point x ∈ X; this means that the orbit G(x) is a G-equivariant neighborhood retract of X. In general, when G is not a Lie group, it is no longer true that a slice exists at each point of X (see [7] ). However, for arbitrary locally compact (non-Lie) groups, an approximate version of Palais' slice theorem holds true [14, Theorem 3.5] .
We recall that an action of a locally compact Hausdorff group G on a completely regular Hausdorff space X is said to be proper [42, Definition 1.2.2] if every point x ∈ X has a neighborhood V x such that for any point y ∈ X there exists a neighborhood V y with the property that the set V x , V y = {g ∈ G | gV x ∩ V y = ∅} has compact closure in G. In this case X is called a proper G-space. Clearly, if G is compact, then every G-space is proper.
In this paper, in particular, we are interested in extending some fundamental results of the equivariant theory of retracts from the case of compact group actions to the case of proper actions of arbitrary locally compact groups.
The passage to the locally compact (non-Lie) case is nontrivial and is based on the above mentioned approximate slice theorem from [14] . It turns out that for purposes of the equivariant theory of retracts the approximate slice theorem is needed rather than the "exact" slice theorem.
Based on this theorem, we first establish in Section 3 two equivariant embedding results which solve the linearization problem for proper actions of locally compact groups. Namely, Theorem 3.1 states that every invariantly metrizable proper G-space X embedds equivariantly into a Banach G-space L such that L \ {0} is a proper G-space and a G-AE. This embedding, in general, is not closed. However, Theorem 3.2 states that X admits an equivariant closed embedding in a proper G-AE space of the form E \ D, where D is an invariant closed linear subspace of a normed linear G-space E, and D is a Z-set in E (see Remark 3.3 ). An immediate corollary is that an invariantly metrizable proper G-space is a G-A(N)R iff it is a G-A(N)E (see Corollary 3.10).
The first embedding results for proper G-spaces are due to Palais [42] . He proved that if G is a matrix group and X a finite-dimensional separable metrizable proper G-space having only finitely many orbit types, then X admits a G-equivariant embedding in a linear G-space L of finite dimension. In the same paper of Palais it is proved that if G is any Lie group and X a separable metrizable proper G-space, then X admits a G-equivariant embedding in a real Hilbert G-space L, where the action is by means of linear orthogonal operators. However, in his constructions Palais did not care about the proper part of the ambient G-space L. In [24] E. Elfving improved this result of Palais by proving that if, in addition, G is a linear Lie group and X is locally compact, then the relevant G-embedding X → L may be arranged to be closed and such that the G-action is proper on some invariant neighborhood of X in L.
In Section 7 we prove Theorem 7.1 which is the most general (in fact, final) result about preservation of equivariant extension properties by the orbit space functor. Its particular case (Corollary 7.2) states that if G is a locally compact group and X any G-ANE in which all the orbits are metrizable, then the orbit space X/G is an ordinary ANE. If, in addition, G is almost connected and X a G-AE, then X/G is an AE. The very first result of this sort (see Theorem 2.6 below) was established in [6] for actions of compact metrizable groups on metrizable spaces. Recently it was widely applied in the study of the topology of Banach-Mazur compacta (see [9] , [11] and [13] ). Other applications can be found in [6] , [18] and [45] .
The proof of Theorem 7.1 is based on the results of Sections 4-6 which are also of independent interest. In Section 4 we first prove Theorem 4.1, a particular case of Theorem 7.1 when X is an invariantly metrizable proper G-space. Based on this result, in Section 5 we prove Theorem 5.1, devoted to equivariant liftings of closed embeddings. Its particular case states that if G is a locally compact (resp., almost connected) group and X an invariantly metrizable proper G-space, then for every closed embedding X/G → B in a metrizable space B, there exists an equivariant closed embedding X → Z (a lifting of X/G → B) in an invariantly metrizable proper G-space Z such that Z/G is a neighborhood of X/G in B (resp., Z/G = B). This result is an important component of the proof of Theorem 7.1.
Theorem 6.1 of Section 6, which is another ingredient of the proof of Theorem 7.1, generalizes a well known result of B. A. Pasynkov [43, Theorem 2] and V. V. Filippov [28, Theorem] to the case of noncompact group actions. It asserts that if G is a locally compact group, then each proper G-space with metrizable orbits and metrizable orbit space is necessarily metrizable (by a G-invariant metric).
In Section 8 we prove some auxiliary algebraic results about almost connected groups and their maximal compact subgroups which we have used in the preceding sections.
Preliminaries.
Throughout the paper the letter G will denote a locally compact Hausdorff group unless otherwise stated; by e we shall denote the unity of G.
All topological spaces and topological groups are assumed to be completely regular and Hausdorff. The basic ideas and facts of the theory of G-spaces and topological transformation groups can be found in Bredon [21] and in Palais [41] . Our basic references on proper group actions are Palais [42] , Koszul [37] and Abels [1] , [2] . For the equivariant theory of retracts the reader can see, for instance, [4] [5] [6] and [14] .
For the convenience of the reader we recall, however, some definitions and facts.
By a G-space we mean a topological space X together with a fixed continuous action G × X → X of a topological group G on X. By gx we denote the image of the pair (g, x) ∈ G × X under the action.
If Y is another G-space, a continuous map f : X → Y is called a G-map or an equivariant map if f (gx) = gf (x) for every x ∈ X and g ∈ G. If G acts trivially on Y then we use the term "invariant map".
By a normed linear G-space (resp., a Banach G-space) we mean a Gspace L, where L is a normed linear space (resp., a Banach space) on which G acts by means of linear isometries, i.e., g(λx + µy) = λ(gx) + µ(gy) and gx = x for all g ∈ G, x, y ∈ L and λ, µ ∈ R.
If X is a G-space and H a subgroup of G then, for a subset S ⊂ X, H(S) denotes the H-saturation of S, i.e., H(S) = {hs | h ∈ H, s ∈ S}. In particular, H(x) denotes the H-orbit {hx ∈ X | h ∈ H} of x. The quotient space of all H-orbits is called the H-orbit space and denoted by X/H.
If H(S) = S, then S is said to be an H-invariant set. A G-invariant set will simply be called an invariant set.
For a closed subgroup H ⊂ G, we will denote by G/H the G-space of cosets {gH | g ∈ G} under the action induced by left translations.
If X is a G-space and H a closed normal subgroup of G, then the Horbit space X/H will always be regarded as a G/H-space endowed with the following action of G/H: (gH) * H(x) = H(gx) for gH ∈ G/H and H(x) ∈ X/H.
For any x ∈ X, the subgroup G x = {g ∈ G | gx = x} is called the stabilizer (or stationary subgroup) at x. For a subgroup H ⊂ G, the set
A compatible metric ρ on a G-space X is called invariant or G-invariant if ρ(gx, gy) = ρ(x, y) for all g ∈ G and x, y ∈ X.
A locally compact group G is called almost connected if the space of connected components of G is compact. Such a group has a maximal compact subgroup K, i.e., every compact subgroup of G is conjugate to a subgroup of K [1, Theorem A.5]. The corresponding classical theorem on Lie groups can be found in [30, Ch. XV, Theorem 3.1].
Let X be a G-space. Two subsets U and V in X are called thin relative to each other [42, Definition 1.1.1] if the set U, V = {g ∈ G | gU ∩ V = ∅} (called the transporter from U to V ) has compact closure in G. A subset U of a G-space X is called small if every point in X has a neighborhood thin relative to U . A G-space X is called proper (in the sense of Palais) if every point in X has a small neighborhood.
Clearly, if G is compact, then every G-space is proper. Furthermore, if G acts properly on a compact space, then G has to be compact as well. If G is discrete and X is locally compact, the notion of a proper action is the same as the classical notion of a properly discontinuous action. When G = R, the additive group of the reals, proper G-spaces are precisely the dispersive dynamical systems with regular orbit space (see [20, Ch. IV] ).
Each orbit in a proper G-space is closed, and each stabilizer is compact [42, Proposition 1.1.4]. It is easy to check the following two statements: (1) the product of two G-spaces is proper whenever one of them is; (2) the inverse image of a proper G-space under a G-map is again a proper G-space.
Important examples of proper G-spaces are the coset spaces G/H with H a compact subgroup of a locally compact group G. Other interesting examples can be found in [1] , [2] , [9] , [24] , [25] , [33] and [37] .
In the present paper we are especially interested in the class G-M of all metrizable proper G-spaces that admit a compatible G-invariant metric; we call them invariantly metrizable G-spaces. It is well-known that, for G a compact group, the class G-M coincides with the class of all metrizable G-spaces (see [41, Proposition 1.1.12]). A fundamental result of R. Palais [42, Theorem 4.3.4] states that if G is a Lie group, then G-M includes all separable metrizable proper G-spaces. The question of whether the separability can be omitted in this result of Palais still remains open (even for G = R and G = Z). We refer to [17] for a further discussion of this interesting problem.
Another important subclass of G-M is formed by the twisted products G × K S, where G is a locally compact metrizable group, K a compact subgroup of G, and S a metrizable K-space (see [12, Lemma 1.1] ). It is known from [1, Main Theorem] that if G is almost connected, then each X ∈ G-M has the form G × K S, where K is a maximal compact subgroup of G, and S is a K-space.
Let us recall that if K is a closed subgroup of G, and S is a K-space, then G × K S is the orbit space of the K-space G × S on which K acts by k(g, s) = (gk −1 , ks). Furthermore, there is a natural action of
, where g ∈ G and [g, s] denotes the K-orbit of (g, s) in G × S. The twisted products are of particular interest in the theory of transformation groups (see [21, Ch. II, § 2]).
A G-space Y is called an equivariant neighborhood extensor for a given G-space X (notation: Y ∈ G-ANE(X)) if, for any closed invariant subset A ⊂ X and any G-map f : A → Y , there exist an invariant neighborhood U of A in X and a G-map ψ : U → Y such that ψ| A = f . If, in addition, one can always take U = X, then we say that Y is an equivariant extensor for
Similarly, if Y ∈ G-AE(X) for any X ∈ G-M, then Y is called an equivariant absolute extensor for the class G-M (notation: Y ∈ G-AE).
A G-space Y ∈ G-M is called a G-equivariant absolute neighborhood retract (for the class G-M) (notation: Y ∈ G-ANR), provided that for any closed G-embedding Y → X in a G-space X ∈ G-M, there exists a Gretraction r : U → Y , where U is an invariant neighborhood of Y in X. If, in addition, one can always take U = X, then we say that Y is a G-equivariant absolute retract (notation: Y ∈ G-AR).
We note that, in general, a metrizable G-ANE space Y need not be a G-ANR, because it may not belong to the class G-M. But if Y ∈ G-M and Y ∈ G-ANE, then clearly Y ∈ G-ANR. The converse is also true: for G almost connected this was proved in [10, Remark 5] , and the general case is handled in Corollary 3.10 of Section 3.
Let us recall the well known definition of a slice [42, p. 305 ]:
Definition 2.1. Let X be a G-space and H a closed subgroup of G. An
If G(S) = X, then we say that S is a global H-slice of X.
One of the most powerful results in the theory of topological transformation groups states (see [42, Proposition 2.3.1] ) that if X is a proper G-space with G a Lie group, then for any x ∈ X, there exists a G x -slice S in X with x ∈ S. This is no longer true when G is not a Lie group (see [7] ). Generalizing the case of Lie group actions, in [14] the following approximate version of Palais' Slice Theorem [42, Proposition 2.3.1] for non-Lie group actions was proved, which plays a key role in the proof of Theorem 6.1: Theorem 2.2 (Approximate Slice Theorem [14] ). Let G be a locally compact group, X a proper G-space, and x ∈ X. Then for any neighborhood O of x in X, there exist a compact large subgroup K ⊂ G with G x ⊂ K and a K-slice S such that x ∈ S ⊂ O.
For G compact this theorem was proved in [7] . A version of it, without requiring K to be a large subgroup, was obtained in [2] .
We recall that a closed subgroup H ⊂ G is called large if there exists a closed normal subgroup N ⊂ G such that N ⊂ H and G/N is a Lie group. The quotient space G/H is metrizable for every large subgroup H ⊂ G; this follows from the evident homeomorphism
. We shall use this fact in the proof of Theorem 6.1.
Furthermore, it was established in [14] that for a compact subgroup H ⊂ G the following properties are equivalent: (1) H is a large subgroup; (2) G/H is a metrizable G-ANE space; (3) G/H is locally contractible; (4) G/H is Ghomeomorphic to a smooth G-manifold on which G acts by diffeomorphisms (see also [7] , [10] ).
Observe that every maximal compact subgroup K of an almost connected group G is large. Indeed, Glushkov [29, Theorem 8] proved that each neighborhood of the unity of G contains a compact normal subgroup N such that G/N is a Lie group. By maximality of K one has N ⊂ K, as required.
Lemma 2.3 ([1])
. Let H be a compact subgroup of G, X a proper Gspace, and f :
Proposition 2.4 ( [10] ). Let G be an almost connected group. Then for a closed subgroup H ⊂ G, the following conditions are equivalent:
(1) H is a maximal compact subgroup of G; (2) G/H is a metrizable G-AE(X) for every paracompact proper G-space X whose orbit space X/G is paracompact.
Lemma 2.5. Let H be a maximal compact subgroup of G. Assume that A is a closed invariant subset of a G-space X ∈ G-M, and S is a global H-slice of A. Then there exists a global H-sliceS in X such thatS ∩ A = S.
Since X ∈ G-M, the orbit space X/G is metrizable, and hence paracompact. Consequently, Proposition 2.4(2) yields a G-extension F : X → G/H. It is easy to see thatS = F −1 (eH) is the desired global H-slice.
Theorem 2.6 ([6], [10]). Let G be a compact group, H a closed normal subgroup of G, and X a G-AR (respectively, a G-ANR). Then X/H is a G/H-AR (respectively, a G/H-ANR).
We refer to [6, Theorem 8] and [10, Theorem 1] for the details.
Equivariant embeddings into proper G-AE spaces.
Recall that the acting group G is always assumed to be locally compact unless otherwise stated.
In this section we are going to prove the following two equivariant embedding results which solve the linearization problem for proper actions of locally compact groups:
For purposes of the equivariant theory of retracts and equivariant shape theory it is important to have a G-embedding f as in the previous theorem which, in addition, is a closed map. This is achieved in the following Theorem 3.2. For each G-space X ∈ G-M, there exist a Banach Gspace L, a normed linear space N , and a closed G-embedding f : X → (L\{0})×N such that (L\{0})×N is a proper G-space and (L\{0})×N ∈ H-AE for any closed subgroup H of G.
Remark 3.3. One can observe that in contrast to Theorem 3.1, in Theorem 3.2 the "nonproper part" of the ambient G-space E = L × N is not a point, but an entire G-invariant linear subspace D = {0} × N of E. However, D is a Z-set in E, i.e., for every ε > 0 there exists a continuous map
, the one-point set {0} is a Z-set in it, which implies immediately that D is a Z-set in E.
We notice that in [35] M. Kankaanrinta has proved that if G is a Lie group then every smooth proper G-manifold admits a smooth G-embedding as a closed submanifold of some Hilbert G-space.
Below we shall give a sequence of propositions and lemmas culminating in the proofs of Theorems 3.1 and 3.2.
In what follows we denote by B(x, r) the open ball of radius r centered at the point x of a given metric space.
In this section we shall repeatedly use the following condition (some sort of uniform properness) on a normed linear G-space X:
(A n ) for any nonzero points x, y ∈ X, the balls B(x, x /n) and B(y, x /n), n ≥ 1, are relatively thin.
To give a typical example of a normed linear G-space that satisfies (A n ), we first recall that a continuous function f : X → R defined on a G-space X is called G-uniform if for each > 0 there is a neighborhood U of the unity of G such that |f (gx) − f (x)| < for all x ∈ X and g ∈ U .
For a proper G-space X we denote by P(X) the linear space of all Guniform bounded functions f : X → R whose support supp f = {x ∈ X | f (x) = 0} is a small subset of X. We endow P(X) with the sup-norm and the following G-action:
It is easy to see that P(X) is a normed linear G-space. It will play a central role in our further constructions. The following result is implicit in the proof of [3, Proposition 3.1]:
Proof. Let f, h ∈ P(X) \ {0}. To show that the open balls B(f, f /4) and B(h, f /4) are relatively thin, fix a small set U in X such that h(x) = 0 whenever x ∈ X \ U . Choose x 0 ∈ X such that |f (x 0 )| > 3 f /4. Since the transporter {x 0 }, U has a compact closure in G, it suffices to show that
It follows that gx 0 ∈ U , i.e., g ∈ {x 0 }, U , as required.
Proposition 3.5. Let Z be a normed linear G-space that contains a dense G-invariant linear subspace X satisfying condition (A n ) for some n ≥ 1. Then Z \ {0} is a proper G-space.
Proof. For any x ∈ X and r > 0, we denote by B(x, r) the open ball in Z centered at x of radius r.
Fix z ∈ Z \ {0}. Since X is dense in Z, one can choose x ∈ X such that x−z < z /(n+1). Then z /(n+1) < x /n, and hence z ∈ B(x, x /n).
We claim that B(x, x /n) is a small set in Z \ {0}. Indeed, for any z ∈ Z \ {0}, choose y ∈ X such that y − z < x /n. Then z ∈ B(y, x /n).
Let us check that B(x, x /n) and B(y, x /n) are relatively thin. Assume that g belongs to the transporter B(x, x /n), B(y, x /n) . Then
Hence, (3.1) reads
showing that g ∈ B(x, x /n), B(y, x /n) . Thus, we have proved that
It remains to observe that B(x, x /n), B(y, x /n) has a compact closure in G, by hypothesis.
Below we shall consider the following situation. Let G be any group and {E i | i ∈ I} a family of normed linear G-spaces. Denote by E the σ-product of {E i | i ∈ I}, i.e., E = {v = (v i ) ∈ i∈I E i | v i = 0 for finitely many i ∈ I}. We consider the following norm on E:
Proposition 3.6. Let {E i | i ∈ I} be a family of normed linear Gspaces such that each E i satisfies condition (A 4 ). Then the σ-product E of {E i | i ∈ I}, endowed with the diagonal action of G, becomes a normed linear G-space that satisfies condition (A 8 ).
Proof. To check the continuity of the action of G on E, let ε > 0, u ∈ E and h ∈ G. Assume that i 1 , . . . , i m are all the indices such that u i k = 0. By continuity of the action of G on E i k , k = 1, . . . , m, one can find a neighborhood O of h in G such that
This yields
On the other hand, the action of G on E is isometric, i.e., gv = v for all v ∈ E and g ∈ G.
Consequently, for every g ∈ O and v ∈ B(u, ε/2) one has
Assume that i 1 , . . . , i m are all the indices such that v i k = 0. Let us check that for every u ∈ E,
Consequently, there exists z ∈ E with z − v < v /8 such that ||gz − u < ||v||/8. These inequalities imply that
Summing up these two inequalities we obtain
Hence, there exists an index 1 ≤ j ≤ m (depending on g) such that
In particular,
as required. Thus (3.2) holds.
Since every
Proof. Since the action of G on E is isometric, it can be uniquely extended to an isometric action of G on E. Let us check the continuity of this action.
Indeed, let (g 0 , x 0 ) ∈ G × E and ε > 0. Choose v 0 ∈ E with v 0 − x 0 < ε/4. By continuity of the action on E, there exists a neighborhood O of g 0 in G such that gv 0 − g 0 v 0 < ε/4. On the other hand,
whenever g ∈ O and x − x 0 < ε/4. This proves the continuity of the action of G on E, and hence E is a normed linear G-space. Now it follows immediately from Propositions 3.5 and 3.6 that E \{0} is a proper G-space.
Proposition 3.8. Let E be a Banach G-space such that for each compact subgroup H ⊂ G, the H-fixed point set E H is infinite-dimensional. Then E \ {0} is a G-AE.
Proof. We aim at applying the following result of Abels [2, Theorem 4.4]: a G-space T is a G-AE if T is a K-AE for each compact subgroup K ⊂ G.
In our case T = E \{0}. In order to show that for each compact subgroup K ⊂ G, E \ {0} is a K-AE, we will apply the following generalization of the James-Segal Theorem [34, Proposition 4.1]:
Theorem (see [16] ). Let K be a compact group and T a K-ANR. Then T is a K-AR if and only if for every closed subgroup H ⊂ K the set of H-fixed points T H = {t ∈ T | ht = t, ∀h ∈ H} is contractible.
We continue with the proof of Proposition 3.8. By completeness of E, the equivariant Dugundji extension theorem, as proved in [4] , shows that E is a K-AR. Hence, E \ {0} is a K-ANR.
Let H ⊂ K be any closed subgroup. Since E H is an infinite-dimensional normed linear space, according to a result of Klee [36] , E H \ {0} is homeomorphic to E H , and hence is contractible.
Since (E \ {0}) H = E H \ {0} we infer that (E \ {0}) H is contractible, as required. Now the above theorem of [16] implies that E \ {0} is a K-AR, which completes the proof.
Proof of Theorem 3.1. First we assume that G is not compact. It is established in the proof of [3, Theorem 3.9] that then there exist normed linear G-spaces {E i | i ∈ I} satisfying condition (A 4 ) and a G-embedding ϕ : X → E \ {0}, where E is the σ-product of {E i | i ∈ I}. Recall that the G-spaces E i in question are all normed linear G-spaces of the form P(Y i ), considered in Proposition 3.4.
By Corollary 3.7, the completion L of E is a Banach G-space and L \ {0} is a proper G-space. Then the composition f = jϕ,
is the desired G-embedding, where j : E \ {0} → L \ {0} is the natural inclusion. Now we pass to the property L \ {0} ∈ H-AE for any closed subgroup H of G. It is established in the proof of [3, Theorem 3.9] that for each compact subgroup K ⊂ G, the K-fixed point set E K is an infinite-dimensional closed subspace of E. This implies that L K is also an infinite-dimensional closed subspace of L. Now it follows from Proposition 3.8 that L \ {0} ∈ H-AE. This completes the proof in the case of G noncompact.
Next we assume that G is compact. It is known (see [5, Theorem 1] ) that X can be G-embedded in L \ {0} for some Banach G-space L (possibly finite-dimensional). Take an arbitrary infinite-dimensional Banach space Z (say, Z = 2 , the Hilbert space) with the trivial action of G. Then the map l → (l, 0), l ∈ L, is a G-embedding of L into E = L × Z, which is an infinite-dimensional Banach G-space. As a result, X is G-embedded in E \ {0}. By compactness of G, E \ {0} is a proper G-space. On the other hand, E K = L K × Z for any compact subgroup K ⊂ H, implying that E K is an infinite-dimensional Banach space. Now Proposition 3.8 yields E \ {0} ∈ H-AE.
For the proof of Theorem 3.2 we shall need the following lemma proved in [3] : Lemma 3.9. Let f : X → M be a G-map between two proper G-spaces and let p : X → X/G be the orbit map. Then the image of the diagonal map ϕ : X → M × (X/G), ϕ(x) = (f (x), p(x)), is a closed invariant subset of M × (X/G) endowed with the diagonal G-action, where X/G is equipped with the trivial G-action.
Proof of Theorem 3.2. Let j : X → L \ {0} be the G-embedding from Theorem 3.1 and let p : X → X/G be the orbit map. Then the diagonal product of j and p is a topological embedding
(see e.g. [26, Theorem 2.3.20] ). Clearly ϕ is equivariant.
Next, it follows from Lemma 3.9 that ϕ is a closed embedding. Thus, one can think of X as a closed invariant subset of (L \ {0}) × (X/G). But X/G is metrizable (see Section 2), and hence, according to the Arens-Eells embedding theorem (see e.g. [19, Ch. II, Corollary 1.1]), one can embed X/G into a normed linear space N as a closed subset.
This generates a closed equivariant embedding of (L \ {0}) × (X/G) into (L \ {0}) × N . As a result we get an equivariant closed embedding of X into (L \ {0}) × N . Since the product of a proper G-space with any G-space is again a proper G-space we see that (L \ {0}) × N is a proper G-space.
By Theorem 3.1, L\{0} ∈ H-AE for any closed subgroup H of G. By the Dugundji extension theorem [23] , N ∈ AE, and hence N endowed with the trivial H-action is an H-AE (see e.g. [3, Lemma 3.12] ). Since the product of two H-AE spaces is again an H-AE space (this is quite easy to check), we conclude that (L \ {0}) × N ∈ H-AE.
The following result, in a particular case when G is almost connected, was obtained in [10, Remark 5] ; the case when G is a Lie group is treated also in [3] and [27] : Corollary 3.10. Let X ∈ G-M. Then X is a G-ANE (respectively, a G-AE) if and only if X is a G-ANR (respectively, a G-AR).
Proof. We consider the "G-AR" case only; the "G-ANR" case is quite similar.
As we noticed in Section 2, if X ∈ G-M and X is a G-AE, then clearly X is a G-AR. Now suppose that X is a G-AR. Then by Theorem 3.2, one can think of X as a closed invariant subset of a G-space L ∈ G-M which is a G-AE. Since X is a G-AR, it is an equivariant retract of L, which implies immediately that X is a G-AE.
Corollary 3.11. Let X be a G-ANR (respectively, a G-AR) and H ⊂ G a closed subgroup. Then X is an H-ANR (respectively, an H-AR).
By Theorem 3.2, one can think of X as a closed invariant subset of a proper G-space (L \ {0}) × N with L and N as in Theorem 3.2. Since X is a G-AR, it is a G-equivariant retract (and, in particular, an H-equivariant retract) of (L \ {0}) × N . Since (L \ {0}) × N ∈ H-AR we infer that X ∈ H-AR.
Orbit spaces of G-AR spaces.
In this section we shall prove the following special case of Theorem 7.1 which is an essential step in the proof of the latter: Theorem 4.1. Let G be a locally compact group and X ∈ G-AR. Assume that H is an almost connected normal subgroup of G. Then X/H is a G/H-AE.
We note that almost connectedness of H is essential in this theorem. Indeed, let G = R, X = R, and H = Z. Then the translation action is a proper action of G on X, and by [2, Theorem 4.4], X is a G-AE. However, X/H, being a circle, is not an AE.
Theorem 4.1 just extends Theorem 2.6 to the case of arbitrary locally compact proper group actions. For its proof we need several auxiliary results. Proposition 4.2. Let G be an almost connected group, K a maximal compact subgroup of G, and S a K-space. Then the twisted product G × K S is a G-AE if and only if S is a K-AE.
Proof. To proove the "if" part, let Z ∈ G-M, C be a closed G-invariant subset of Z, and f : C → G× K S a G-map. It is well known and easy to check that f −1 (S) is a global K-slice of C (see e.g. [41, Corollary 1.7.8]). By Lemma 2.5, there is a global K-slice Y in Z such that Y ∩C = f −1 (S). Consequently, gf 1 (y) , where g ∈ G and y ∈ Y (see [22, Ch. I, Proposition 4.3]). If c ∈ C, then c = gb for some g ∈ G and b ∈ f −1 (S), and hence
Thus, F extends f , and the proof of the "if" part is complete.
The "only if" part follows from two facts. The first, [15, Proposition 3.5] , states that G × K S is a G-AE if and only if it is a K-AE (remember that a maximal compact subgroup is large, as observed in Section 2). The second fact is that the global K-slice S is a K-equivariant retract of G × K S; this follows from a result of Abels [1, Theorem 2.1] according to which G × K S is K-homeomorphic to a product T × S endowed with the diagonal action of K, where T is a finite-dimensional linear K-space. In this case the map (t, s) → (0, s) is a K-equivariant retraction of T × S onto {0} × S, which, in turn, is K-homeomorphic to S.
Lemma 4.3 ([15]
). Let G be a locally compact group, H a closed normal subgroup of G, and K a compact subgroup of G. Then the map
, where k ∈ K and kH ∈ KH/H, is a topological isomorphism.
Proposition 4.4. Let G be a locally compact group, H a closed normal subgroup of G, K a compact subgroup of G, and S a K-space. Then one has the following G/H-homeomorphism:
Proof. Using the topological isomorphism KH/H ∼ = K/(K ∩ H) from Lemma 4.3, we shall consider the (K ∩ H)-orbit space S/(K ∩ H) as a KH/H-space. Specifically, the group KH/H acts on S/(K ∩ H) according to the rule Since by Corollary 3.10, X ∈ G-AE, it follows from Proposition 4.2 that S is a K-AE. Hence, Theorem 2.6 shows that S/H is a K/(K ∩H)-AE. Since the group K acts on S/H via the topological isomorphism K ∼ = K/(K ∩H), we infer that S/H is a K -AE.
Next, by Theorem 8.6 (see Appendix) the group K , being the image of K under the natural homomorphism π : G → G/H, is a maximal compact subgroup of G/H. Hence, Proposition 4.2 shows that G/H × K S/H is a G/H-AE. It remains to invoke the formula (4.2).
Case 2. Assume that G is arbitrary locally compact. According to [2, Theorem 4.4] , it suffices to show that X/H is a K-AE for any compact subgroup K of G/H. Consider the natural homomorphism π : G → G/H. By Proposition 8.3 (see Appendix), the group M = π −1 (K) is almost connected.
Since X ∈ G-AR it follows that X ∈ M -AR (see Corollary 3.11). Hence X/H is an M/H-AE by Case 1. Since M/H = K, we infer that X ∈ K-AE, as required.
Recall that the "G-ANR" case of Theorem 4.1 was established earlier in [15, Theorem 1.1]; here is its exact formulation: Theorem 4.5. Let G be a locally compact group, X ∈ G-ANR, and H a closed normal subgroup of G. Then X/H is a G/H-ANE.
Remark 4.6. Theorem 4.1 is not valid in the category of compact (nonmetrizable) G-spaces even if G is a finite group. Here is a simple counterexample.
Consider the antipodal action of the cyclic group G = Z 2 on the Tikhonov cube I τ of an uncountable weight τ , where I = [−1, 1]. Since I is a G-AE for normal G-spaces, we infer that I τ is a G-AR for compact G-spaces. However, I τ /G is not an AR for compact spaces. This follows from the following result of Shchepin [44] : if X is a nonmetrizable AR in the category of compact Hausdorff spaces, then it is homeomorphic to a Tikhonov cube I τ if and only if X is homogeneous with respect to character (i.e., all the points have the same character in X). Now suppose that I τ /G is an AR for compact spaces. Since obviously I τ /G is homogeneous with respect to character, it should be homeomorphic to I τ . But this is impossible, because, unlike the cube I τ , the orbit space I τ /G contains a point whose complement is not contractible. In fact, let θ be the point of I τ with all coordinates 0. Then the orbit projection
is a two-sheet covering. Since I τ \ {θ} is contractible, the fundamental group of (I τ \ {θ})/G is G = Z 2 . Thus (I τ /G) \ {θ} = (I τ \ {θ})/G is not contractible, which implies that I τ /G is not homeomorphic to a Tikhonov cube.
Equivariant lifting of closed embeddings.
The following result for G compact was established in [8] . As in that case, Theorem 4.1 is equivalent to Theorem 5.1 below. In this section we proof the implication Theorem 4.1 ⇒ Theorem 5.1, while the converse is proved in Section 7.
Theorem 5.1. Let H be an almost connected normal subgroup of G. Suppose that A ∈ G-M and f : A/H → B is a G/H-equivariant closed embedding into a G/H-space B ∈ G/H-M. Then there exist a G-space Z ∈ G-M and a G-equivariant closed embedding φ : A → Z such that Z/H = B and q • φ = f • p, where p : A → A/H and q : Z → Z/H are the H-orbit maps.
Proof. According to Theorem 3.2, it can be assumed that A is a closed invariant subset of a G-AE space L ∈ G-M. Then A/H is a closed invariant subset of the G/H-space L/H.
Denote by Z the fiber product of the maps F and r, i.e.,
We consider the diagonal action of G on Z, i.e., g(b, x) = (gb, gx) for g ∈ G and (b, x) ∈ Z. Let h : Z/H → B be defined by h(q(b, x)) = b, where q : Z → Z/H is the H-orbit projection and (b, x) ∈ Z. It is clear that h is a well-defined G/H-equivariant map. It can easily be shown (and is well known, see [31, Ch. 4, Proposition 4.1]) that h is a homeomorphism. On the other hand, B × L is a proper G-space because L is. Moreover, since B and L admit G-invariant metrics, so does B ×L. Thus B ×L ∈ G-M, which implies that Z ∈ G-M.
It remains to define the G-equivariant embedding φ : A → Z by the formula φ(a) = (f (p(a)), a) for a ∈ A. 
By the Dugundji extension theorem [23] , Y is an AR. Consequently, by a result of E. Michael [39] , Y is an AE for all paracompact spaces. This implies that f −1 : f (A/G) → A/G → Y extends to a continuous map F : B → Y . Next, by Theorem 5.2 (resp., Theorem 5.1), there exists a neighborhood V of A/G in Y (resp., V = Y ) such that the closed embedding i :
Choose a closed neighborhood U of A/G in B such that F (U ) ⊂ V (resp., U = B). As in the proof of Theorem 5.1, denote by Z the fiber product of F : U → V and r : W → V , i.e.,
Then proceeding as in the proof of Theorem 5.1, we can show that Z is the required proper G-space. It is paracompact because Z/G = U is (see [2, Theorem 1.12] ). . Then no embedding i : I τ /G → I τ can be lifted to a G-embedding j : I τ → Z where Z is a compact G-space with Z/G = I τ . Indeed, assume otherwise. Then, since I τ is a G-AE for compact G-spaces, there exists a G-retraction r : Z → I τ . Clearly, r induces a retraction q : I τ = Z/G → I τ /G, which implies that I τ /G is an absolute retract for compact spaces, contradicting Remark 4.6.
Metrizability of proper G-spaces
Theorem 6.1. Let G be a locally compact group and X a proper G-space such that all the orbits in X, as well as the orbit space X/G, are metrizable. Then X is metrizable. Moreover , there exists a compatible G-invariant metric on X.
Notice that for G compact metrizable this was proved by B. A. Pasynkov Proof. This is proved in [32, p. 47] for N being the trivial subgroup of G. That proof can easily be adapted to the general case. For the convenience of the reader we provide the details below.
By homogeneity it suffices to show that G/N has a countable open base at eN ∈ G/N .
For any A ⊂ G we denote by A the image of A under the natural projection G → G/N . Since the projection is a G-map, one has gA = g A for every g ∈ G. This yields BA = B A for every B ⊂ G.
Let {W n } ∞ n=1 be a sequence of symmetric neighborhoods of e in G such that W 2 n+1 ⊂ W n for each n and such that { W n ∩ H} ∞ n=1 is an open base at eN for the space H.
Let ϕ denote the natural map G → G/H. Suppose that {ϕ(U n )} ∞ n=1 is an open base at eH in G/H, where the U n are neighborhoods of e in G. For n = 1, 2, . . . , we put
Let us prove that P n is a neighborhood of eN in G. In fact, it suffices to show that eN / ∈ W n+1 ( H \ W n ).
To this end, let us prove that the neighborhood W n+1 of eN does not meet W n+1 ( H \ W n ). Assume otherwise. Then xN = whN with x ∈ W n+1 , w ∈ W n+1 , h ∈ H and hN / ∈ W n . This yields x = whn for some n ∈ N , and hence w −1 x = hn. But w −1 x ∈ W n+1 W n+1 ⊂ W n , yielding w −1 xN ∈ W n . Hence, hN = hnN = w −1 xN ∈ W n , a contradiction.
Next we define
Clearly, every Q n is a neighborhood of eN in G. We claim that {Q n } ∞ n=1 is an open base at eN in G. To prove this, let Y be any neighborhood of e in G. One has to find a k such that Q k ⊂ Y .
First we choose a neighborhood V of e in G such that
Then we have
we get
as required. Lemma 6.5. Let G be a locally compact group and H its compact subgroup such that G/H is metric. Then for each metrizable H-space S the twisted product G × H S is metrizable. Proof. On G × H S consider the H-action restricted from the G-action. We claim that
is homeomorphic to
G/H×S H
, where H acts on G/H × S by h(xH, s) = (hxH, hs). Theorem 7.1. Let G be a locally compact group and X any G-ANE (respectively, any G-AE). Assume that H is a closed (respectively, almost connected ) normal subgroup of G such that all the H-orbits in X are metrizable. Then X/H is a G/H-ANE (respectively, a G/H-AE).
Proof. Let B ∈ G/H-M. Let L be a closed G/H-invariant subset of B and let s : L → X/H be a G/H-map. Define A ⊂ L × X to be the fiber product of s and t, where t : X → X/H is the H-orbit map. Then A is a G-invariant subspace of L × X endowed with the diagonal action of G, and we have A/H = L (see [31, Ch. 4 , Proposition 4.1]). Since the H-orbit of each a = (l, x) ∈ A lies in the metrizable space L × H(x), we conclude that H(a) is also metrizable. So, all H-orbits of the G-space A, as well as its H-orbit space A/H = L, are metrizable. By Theorem 6.1, A is metrizable. Now applying Theorem 5.2 (respectively, Theorem 5.1) we get a G-space
Let ψ : A → X be the restriction of the projection L×X → X. Since X ∈ G-ANE (respectively, X ∈ G-AE), there exist a G-invariant neighborhood U of A in Z (respectively, U = Z) and a G-extension α : U → X of the G-map ψ. It is easy to see that the induced G/H-map β :
This theorem is the most general (in fact, final) result about preservation of equivariant extension properties by the orbit space functor. Its particular case for H = G was proved in [14, Theorem 6.4] . The case of an almost connected group G and a phase space X with X/G paracompact was handled in [10] . The very first orbit space theorem was established in [6] for the actions of compact metrizable groups on metrizable spaces. Recently, this result was widely applied in the study of the topology of the Banach-Mazur compacta (see [9] , [11] , [13] ). Other applications can be found in [6] , [18] and [45] .
The following specific case of Theorem 7.1 when H = G is worth singling out:
Corollary 7.2. Let G be a locally compact (respectively, an almost connected ) group and X any G-ANE (respectively, any G-AE). Assume that all the orbits in X are metrizable. Then X/G is an ANE (respectively, an AE).
We conclude this section with the following finite-dimensional analogue of Theorem 7.1.
Given a nonnegative integer n, denote by G-M(n) the subclass of G-M that consists of all G-spaces X ∈ G-M with dim X/G ≤ n, where dim stands for the covering dimension.
Recall that if Y ∈ G-ANE(X) for any X ∈ G-M(n), n ≥ 0, then we say that Y is a G-ANE(n). Respectively, if Y ∈ G-AE(X) for any X ∈ G-M(n), n ≥ 0, then we say that Y is a G-AE(n). Theorem 7.3. Let G be a locally compact group and X any G-ANE(n) (respectively, any G-AE(n)), n ≥ 0. Assume that H is a closed (respectively, almost connected ) normal subgroup of G such that all the H-orbits in X are metrizable. Then X/H is a G/H-ANE(n) (respectively, G/H-AE(n)).
The proof of this theorem is quite similar to the one of Theorem 7.1. The additional condition on the dimension of the orbit space holds because the relation Z/H = B implies Z/G = B/(G/H) (here we use the notation of the proof of Theorem 7.1).
Remark 7.4. The metrizability condition for the H-orbits of X in Theorems 7.1 and 7.3, as well as in Corollary 7.2, is evidently satisfied when X is metrizable. Moreover, if H is metrizable, then each H-orbit H(x), x ∈ X, is also metrizable. This follows from the fact that H(x) is homeomorphic to the quotient space H/H x , where H x = {h ∈ H | hx = x} (see [42, 8. Appendix: Almost connected groups and maximal compact subgroups. In this section we shall establish some properties of almost connected groups and their maximal compact subgroups which we have used in Section 4.
Recall that a locally compact group G is called almost connected if the space of connected components of G is compact. Such a group has a maximal compact subgroup K, i.e., every compact subgroup of G is conjugate to a subgroup of K In what follows we shall use, without explicit reference, the well known fact that a locally compact subgroup of any topological group is a closed subset.
Proposition 8.1. Let G be an almost connected group and H a closed normal subgroup of G. Then G/H is also almost connected.
Proof. Consider the following commutative diagram:
where G 0 and (G/H) 0 are the connected components of G and G/H, respectively, and π, p and η are the natural homomorphisms.
The map q is defined as follows:
q gG 0 = gH where gH stands for the coset of gH ∈ G/H with respect to the subgroup (G/H) 0 ⊂ G/H. The map q is well defined, because if g 0 ∈ G 0 then q gg 0 G 0 = gg 0 H = gH · g 0 H = gH · g 0 H .
Observe that g 0 H ∈ p(G 0 ), and since p(G 0 ) is connected, we infer that p(G 0 ) ⊂ (G/H) 0 . Thus g 0 H ∈ (G/H) 0 , which yields gH · g 0 H = gH . Thus,
, being the continuous image of the compact group G/G 0 , is itself compact. Proposition 8.2. Let G be any topological group and H a normal subgroup of G. Then the connected component H 0 of H is a normal subgroup of G.
Proof. Fix g ∈ G. Then gH 0 g −1 ⊂ gHg −1 = H. Since gH 0 g −1 is homeomorphic to H 0 , it is connected, and hence contained in H 0 . Thus gH 0 g −1 ⊂ H 0 . Now replacing g by g −1 we get g −1 H 0 g ⊂ H 0 , which is equivalent to H 0 ⊂ gH 0 g −1 . Consequently, gH 0 g −1 = H 0 , as required. Then G/G 0 , being the continuous image of the compact group G/H 0 under the natural homomorphism p : G/H 0 → G/G 0 (remember that H 0 ⊂ G 0 ), is itself a compact group. Thus G is almost connected, as required.
Proposition 8.4. Let K be a maximal compact subgroup of G, and N a compact normal subgroup of G such that N ⊂ K. Then K = K/N is a maximal compact subgroup of G/N .
Proof. Observe that K is the image of K under the natural homomorphism p : G → G/N , so K is a compact subgroup of G/N . Compactness of N implies that p is a perfect map. Since compactness is an inverse invariant of a perfect map (see [26, Theorem 3.7 .24]) we infer that, for every compact subgroup H of G/N , the inverse image H = p −1 (H ) is a compact subgroup of G.
Next, as K is a maximal compact subgroup of G, there exists g ∈ G such that gHg −1 ⊂ K. This yields p(gHg −1 ) ⊂ p(K). Since p is a homomorphism, p(gHg −1 ) = p(g)p(H)p(g) −1 = p(g)H p(g) −1 .
Hence p(g)H p(g) −1 ⊂ K , as required.
Theorem 8.5. Let G be an almost connected group and H an almost connected normal subgroup of G. Assume that G/H is compact. Then G = KH for every maximal compact subgroup K of G.
